A novel dynamic model is proposed for the hysteresis in magnetostrictive actuators by coupling a Preisach operator to an ordinary di erential equation, and a parameter identiÿcation method is described. An e cient inversion algorithm for a class of Preisach operators with piecewise uniform density functions is then introduced, based upon which an inverse control scheme for the dynamic hysteresis model is presented. Finally the inversion error is quantiÿed and l1 control theory is applied to improve the robustness of inverse compensation. Simulation and experimental results based on a Terfenol-D actuator are provided. ?
Introduction
Magnetostriction is the phenomenon of strong coupling between magnetic properties and mechanical properties of some ferromagnetic materials: strains are generated in response to an applied magnetic ÿeld, while conversely, mechanical stresses in the materials produce measurable changes in magnetization. This phenomenon can be used for actuation and sensing. Fig. 1 shows a schematic of a Terfenol-D actuator manufactured by Etrema Products Inc. The magnetic ÿeld generated by the coil current controls the strain in the Terfenol-D rod, which translates into displacement or force (if blocked) output of the actuator.
Like other smart materials (e.g., piezoelectrics and shape memory alloys), magnetostrictives display strong hysteresis, which makes their e ective use quite challenging. Modeling and control of hysteresis in smart materials have attracted increasing attention in recent years (Moheimani & Goodwin, 2001 ). Hysteresis models can be roughly classiÿed into This paper was not presented at any IFAC meeting. This was recommended for publication in revised form by Associate Editor Keum-Shik Hong under the direction of Editor Mituhiko Araki.
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physics-based models and phenomenological models. Physics-based models are built on ÿrst principles of physics, an example of which is the Jiles-Atherton model of ferromagnetic hysteresis (Jiles & Atherton, 1986) . Phenomenological models, on the other hand, are used to produce behaviors similar to those of physical systems without necessarily providing physical insight into the problems. A popular phenomenological hysteresis model adopted for smart materials is the Preisach model (Adly, Mayergoyz & Bergqvis, 1991; Hughes & Wen, 1994; Ge & Jouaneh, 1996; Gorbet, Wang, & Morris, 1998; Cruz-Hernandez & Hayward, 2001; Tan, Venkataraman, & Krishnaprasad, 2001; Natale, Velardi, & Visone, 2001; Croft, Shed, & Devasia, 2001) , where the hysteresis is modeled as a (weighted) aggregate e ect of all possible delayed relay elements. A similar operator using delayed relays of ÿnite slopes, called Krasnosel'skii -Pokrovskii (KP) operator, has also been used ( Banks, Kurdila, & Webb, 1997; Galinaitis & Rogers, 1998) .
The hysteretic behavior between the current input and the displacement output of a magnetostrictive actuator is rate-dependent, i.e., it depends on how fast the current is varied (see the solid-line curves in Fig. 7) . However, the classical Preisach operator is rate-independent. "Dynamic" generalizations of the Preisach operator were proposed by assuming output-rate-dependent Preisach density functions (Mayergoyz, 1991) , or input-rate-dependent behavior of delayed relays (Bertotti, 1992) . Mrad and Hu (2002) proposed a dynamic hysteresis model for piezoceramic actuators by assuming an average-input-rate-dependent Preisach density function.
Eddy current losses and magnetoelastic dynamics of the magnetostrictive rod were considered to be the origin of the rate-dependent hysteresis in Venkataraman (1999) , where the eddy current losses were modeled by placing a resistor in parallel with a hysteretic inductor and the magnetoelastic dynamics was modeled by a second-order linear system. Considering a low-dimensional ferromagnetic hysteresis model led to an overall model for magnetostrictive actuators described by a set of switching ordinary di erential equations (ODEs) (Venkataraman, 1999) . In Venkataraman and Krishnaprasad (2000) the authors suggested using a cascade of a Preisach operator with a linear system to model magnetostrictive actuators. In this paper, based upon the model structure in Venkataraman (1999) but with a Preisach operator representing the ferromagnetic hysteresis, a novel dynamic model is proposed. This model features an unusual coupling of a Preisach operator to an ODE, which cannot be simply decomposed as a cascade of the Preisach operator with a linear system. Parameter identiÿcation methods for this model are discussed. Comparison with experimental measurements shows that the model captures the dynamic and hysteretic behavior of magnetostrictive actuators.
Inverse compensation is a fundamental approach to coping with hysteresis, where one aims to cancel out the hysteresis e ect by constructing a right inverse of the hysteresis operator, see, e.g., Hughes and Wen (1994) ; Tao and Kokotovic (1995) ; Smith (1998) . Inversion of the Preisach operator has been extensively studied, and general inversion algorithms are computation-intensive and/or storage-intensive (Hughes & Wen, 1994; Reimers & Torre, 1998; Venkataraman & Krishnaprasad, 2000; Natale et al., 2001) . The second contribution of this paper is the development of an e cient inversion algorithm for a class of Preisach operators with piecewise constant Preisach densities, and its application to inversion of the dynamic hysteresis model. Such operators arise naturally as approximations to Preisach operators with arbitrary Preisach densities.
The performance of open-loop inverse compensation is susceptible to model uncertainties and to errors introduced by (inexact) inverse algorithms. To combat this problem, one approach is adaptive inverse control (Tao & Kokotovic, 1995; Webb et al., 1998; Kuhnen & Janocha, 1999) . In this paper we explore an alternative approach and develop a robust control framework for magnetostrictive actuators. It is shown that, for both the Preisach operator and the dynamic hysteresis model, the inversion error can be bounded in magnitude and the bound is quantiÿable in terms of parameter uncertainties and the inversion scheme. Hence one can model the inversion error as an exogenous disturbance and attenuate its impact by l 1 control techniques. A systematic controller design method is presented which provides robust stability and robust trajectory tracking while taking the actuator saturation into account.
The remainder of the paper is organized as follows. The dynamic hysteresis model together with its identiÿcation method is presented in Section 2. Inversion algorithms for the Preisach operator and the dynamic hysteresis model are discussed in Section 3. The robust control framework is developed in Section 4. Finally, conclusions and discussion are provided in Section 5.
A dynamic hysteresis model for magnetostrictive actuators

The preisach operator
The Preisach operator is brie y reviewed in this subsection to ÿx the notation and provide the background for later developments. A detailed treatment can be found in Mayergoyz (1991) ; Visintin (1994) ; Brokate and Sprekels (1996) . For a pair of thresholds (ÿ; ) with ÿ 6 , consider a delayed relayˆ ÿ; [·; ·], as illustrated in Fig 
where !(0 − ) = and t − , lim ¿0; →0 t − . Deÿne the Preisach plane
where (ÿ; ) ∈ P 0 is identiÿed withˆ ÿ; . For u ∈ C([0; T ]) and a Borel measurable conÿguration 0 of all delayed relays, 0 : P 0 → {−1; 1}, the output of the Preisach operator is deÿned as
where is a ÿnite Borel measure on P 0 , called the Preisach measure. In this paper is called nonsingular if | | is absolutely continuous with respect to the two-dimensional Lebesgue measure. For a nonsingular , (1) can be rewritten as
for some Borel measurable function , called the Preisach density function. It is assumed in this paper that has a compact support
where 0 = −ÿ 0 = s 0 for some s 0 ¿ 0. P is also called the Preisach plane when no confusion arises. At any time t, P is a disjoint union of two sets, P + (t) and P − (t), where P + (t) (P − (t), resp.) consists of points (ÿ; ) such that the output ofˆ ÿ; at t is +1 (−1, resp.). Under mild conditions, each of P + (t) and P − (t) is a connected set, and the boundary between them, called the memory curve, characterizes the memory of the Preisach operator. The memory curve has a staircase structure and the coordinates of its intersection with the line = ÿ correspond to the current value of the input. The set of all memory curves is denoted as . The memory curve 0 at t = 0 is called the initial memory curve and hereafter it will be put as the second argument of . The following theorem collects several properties of the Preisach operator that are relevant to this paper: Theorem 2.1 (Visintin, 1994) . Let u ∈ C([0; T ]) and
where "•" denotes composition of functions. In identiÿcation of the Preisach measure, a discretization step is involved in one way or another (see Tan ( for a review of identiÿcation methods). One discretization scheme is to divide the input range into L intervals uniformly (called discretization of level L), which results in a discretization grid on the Preisach plane. An arbitrary Preisach density function can then be approximated by one that is constant within each discretization cell. Note that this type of approximation enjoys nice convergence properties (Ho mann et al., 1988) . To obtain such a piecewise constant approximation to an unknown Preisach density function, one can ÿrst identify the weighting masses for the discretization cells using a constrained least squares algorithm (Tan et al., 2001) , and then distribute each mass uniformly over the corresponding cell.
The dynamic hysteresis model
The model for a magnetostrictive actuator has a cascaded structure as shown in Fig. 3 , where I , M and y denote the current input, the bulk magnetization along the rod direction, and the displacement output, respectively. The block W takes care of the ferromagnetic hysteresis and the eddy current losses as illustrated in Fig. 4 , and G(s) is a lumped model for the magnetoelastic dynamics.
The voltage V across the nonlinear inductor is N m A m dB dt , where B is the magnetic ux density, N m is the number of turns of the coil, and A m is the cross-sectional area of the rod. Since V = (
In SI units, B = 0 (H + M ), where 0 = 4 × 10 −7 Henry=m is the permeability of vacuum and H is the magnetic ÿeld along the rod direction. H is related to I 1 via H =c 0 I 1 +H bias , where c 0 is the coil factor and H bias is the bias ÿeld necessary for generating bi-directional strains. Letting M = [H; 0 ], one obtains the dynamic hysteresis model:
);
where c 1 , The following theorem shows that (4) is well-posed, the proof of which can be found in Tan (2002) .
Theorem 2.2. If the Preisach measure
is nonnegative and nonsingular, and I (·) is piecewise continuous, then ∀ 0 ∈ , ∀T ¿ 0, there exists a unique pair
G(s) has a state space representation:
where ! 0 = 2 f 0 , f 0 is the ÿrst resonant frequency of the actuator, is the damping coe cient, l rod is the rod length, s is the saturation magnetostriction and M s is the saturation magnetization.
Identiÿcation of model parameters
The magnetostrictive actuator used in this study is an AA-050H series Terfenol-D actuator (full operating range is about 50 m) manufactured by Etrema. The current input is provided by a Kepco power supply (Model BOP 36-6M) operating in Current Programming mode, which is controlled by a Pentium III 450 MHz PC with a DSpace DS1103 PPC Controller Board. The displacement of the actuator is measured with an LVDT sensor (Schaevitz 025MHR).
The following parameters are available from the manu Repeat the above procedure (Step 1 to Step 3) K times with di erent input frequencies and denote the damping coecients as {
eddy is close to the true parameter R eddy , (i) k should not vary much with k. Hence pick i * ∈ {1; : : : ; N } such that {
eddy , and let be the mean of {
. The current amplitude used in identiÿcation is 0:8 A with a 0:1 A dc shift. Fig. 6 shows the variation of with respect to the frequency for di erent R (i) eddy 's, from which it is determined that R eddy = 70 , = 0:7783. Fig. 7 compares the frequency-dependent hysteresis loops measured in experiments to those obtained through simulation based on the identiÿed parameters. Good agreement is achieved up to 200 Hz. To further verify the model, comparison is conducted at 10, 20, and 50 Hz for a di erent input range [−0:7A; 0:3 A], and good ÿt is also achieved (Fig. 8 ). Hence the model (4) and (5) is able to capture the dynamic and hysteretic behavior of magnetostrictive actuators in a reasonably wide frequency range. Beyond 200 Hz, simulation results and experimental measurements still qualitatively agree although the ÿt gets worse. This indicates that further details of the eddy currents and the magnetoelastic dynamics need to be considered to fully capture the dynamic behaviors at very high frequencies. 
Inverse compensation algorithms
Inversion of the Preisach operator
Consider a discretization scheme of level L and let the Preisach density function p be nonnegative and constant within each discretization cell. The inversion problem is, given 0 ∈ and a value M , to ÿnd H such that M = [ H ; 0 ]. Let the input and the output of the Preisach operator corresponding to 0 be H 0 and M 0 , respectively. Assuming M ¿ M 0 (the case M ¡ M 0 can be treated analogously), the following algorithm is proposed to ÿnd H :
:= 0 , n := 0;
where (n) is the memory curve after {H (k) } n k=1 is applied, and d ing way (see Fig. 9 for illustration):
1 equals the next discrete input level;
2 ¿ 0 be the minimum value such that applying
2 would eliminate the next corner of (n) ;
0 , go to Step 3; otherwise let n := n + 1 and go to Step 2; • Step 3: H := H (n+1) and stop.
The algorithm is based on the piecewise monotonicity property of . It yields the (exact) solution in no more than n = n c ( 0 ) + L iterations, where n c ( 0 ) is the number of corners of 0 .
Inversion of the dynamic hysteresis model
Given 0 ∈ and a desired trajectory M (·), the inversion problem for (4) is to ÿnd I (·), such that the corresponding output of W is M (·). The following (formal) inverse scheme for (4) is proposed:
In implementation −1 is constructed with the inversion scheme presented in Section 3.1, and˙ M and˙ H are approximated by the ÿnite di erence method. Displacement tracking experiments are conducted to further validate the model and examine the performance of the inverse scheme (7). To avoid the input saturation in (5), in which case M (·) is computed as: ∀t, M (t) = u(t).
The inverse control scheme (7) is compared with a proportional feedback scheme and an inversion scheme based on a static hysteresis model (which is essentially a Preisach operator), see Fig. 10(a)-(c) . In each ÿgure, the displacement trajectories (both the desired and the measured), the tracking error, and the current applied are displayed. Although the controller parameter has been carefully tuned, the performance of the pure feedback scheme is poor ( Fig. 10(a) ). This highlights the need for hysteresis compensation. Under the static model-based inverse compensation, the achieved trajectory displays an appreciable phase lag with respect to the desired one ( Fig. 10(b) ). On the other hand, the inverse scheme based on the dynamic model delivers satisfactory performance, and almost perfect tracking is achieved for the full operating range of the actuator (Fig. 10(c) ).
A robust control framework
Models for smart material actuators have a cascaded structure as shown in Fig. 11(a) . Here W is a hysteretic operator which could be rate-independent or rate-dependent. G a ( ) denotes the -transform of a discrete-time, linear time-invariant system G a 1 , and represents the linear part of the actuator dynamics. Note the resemblance of Fig.  11(a) with Fig. 3 . In Fig. 11(b) ,Ĝ 0 ( ) denotes the plant to be controlled by the actuator, andW −1 denotes the approximate right inverse of W . The goal is to design the controllerK( ) which guarantees the closed-loop system stability and minimizes the tracking error in the presence of the inversion error e u =ũ − u and the uncertainties inĜ a andĜ 0 . It is also desired to meet the saturation constraint in the controller design.
Quantiÿcation of the inversion error
The error in inversion of the Preisach operator and the dynamic hysteresis model are quantiÿed respectively next. The signal space used is l ∞ , the space of sequences of bounded magnitude.
Error in inversion of the Preisach operator
Let be a nonsingular, nonnegative measure with density . For a discretization scheme of level L, let p be a piecewise uniform approximation to obtained as described in Section 2.1. When several Preisach operators are involved in the discussion, the corresponding Preisach measure will be put as the subscript of to avoid confusion. Given a desired sequence M [ · ] ∈ l ∞ and 0 ∈ , let 
All three Preisach operators involved in (8) (8) is bounded by twice the interval of over cells spanned by [k] , which is further bounded by
From Proposition 4.1, the bound on the inversion error consists of two parts: the ÿrst part is proportional to the relative identiÿcation error, and the second part is inversely proportional to the level L of discretization.
Error in inversion of the dynamic hysteresis model
For the dynamic hysteresis model, the inversion error based on scheme (7) is hard to quantify. Hence another inversion algorithm is introduced here. When the Preisach density is piecewise continuous, (4) can be rewritten as:
where g(t) carries the interpretation of " dM dH (t)", and 0 6 g(t) 6 C g for some constant C g ¿ 0. Eq. (9) can be viewed as perturbed from a decoupled system obtained by replacing g(t) with some constant g ∈ [0; C g ]. Based on the decoupled system, an approximate inversion scheme for (9) and thus for (4) is given by (in discrete-time)
where h is the time step. In (10) the ÿnite forward di erence of H [ · ] is used to approximate the continuous time derivative. Apply I [ · ] in (10) to the ÿnite forward di erence implementation of (9), and denote the corresponding
, where the delay is introduced due to the dynamics in (9). The following result quantiÿes e M ∞ assuming that parameters are exact and −1 is constructed perfectly in (10).
Proposition 4.2. Let the Preisach measure be nonnegative and nonsingular with a piecewise continuous density, and be Lipschitz continuous with Lipschitz constant 
where
1+g [k] , and
which implies (noting that e H [0] = 0) where
|. Values of a and b can be easily determined:
Therefore e H ∞ 6 2 1 H ∞ . Since H ∞ 6 s 0 , Eq. (11) now follows using the Lipschitz continuity and the time invariance properties of . It's easy to see that the optimal g minimizing 1 is Cg Cg+2 .
Similarly one can derive the bound on inversion error when the ÿnite backward di erence method is used to approximate the time derivatives: 
where 2 = max{
. The optimal g to minimize 2 is (c0+c1h)Cg 2(c0+c1h)+c0Cg .
Note that the backward di erence method is preferred in general due to its stability property. Propositions 4.2 and 4.3 quantify the errors solely due to inversion algorithms. Similar arguments can extend the error estimates to the case where there are parametric uncertainties in c 0 and c 1 . The error in −1 can be included using Proposition 4.1. Finally e u ∞ can be derived from e M ∞ when the square nonlinearity is considered. Fig. 12 shows the closed-loop system after the inverse compensation is done, where trajectory tracking of the magnetostrictive actuator is considered. The exogenous noise w represents the inversion error, w ∞ 6 w, and w is quantiÿable in terms of inverse schemes and parametric uncertainties.Ĝ a ( ) stands for the discretized version of G(s) in Fig. 3. •Ŵ 0 ( ) represents the uncertainty inĜ a ( ), where is a nonlinear uncertainty with l∞−ind ¡ 1 and W 0 ( ) is a frequency weighting function.
Formulation of the robust control problem
Let y ref ∞ 6 r, where y ref is the reference trajectory. The error e y , y ref − y is fed into the controllerK( ). The delay followingK( ) is due to inversion of (4), and another delay is contained inĜ a . Hence the tracking error is deÿned as
et . To ease the formulation, w and y ref are also normalized so that w 0 ∞ 6 1, r 0 ∞ 6 1 (see Fig. 12 ). Symmetric input saturation |u| 6 u translates into u 0 ∞ 6 1, where u 0 , The objective of controller design is to ÿnd the smallest * and a stabilizing controllerK( ), such that (1) (Robust stability) the closed-loop system is stable for any with l∞−ind ¡ 1, (2) (Tracking performance) e * 0 ∞ 6 1 if =0, ∀w 0 ; r 0 with w 0 ∞ 6 1 and r 0 ∞ 6 1, and (3) (Saturation constraint) u 0 ∞ 6 1 if = 0, ∀w 0 ; r 0 with w 0 ∞ 6 1 and r 0 ∞ 6 1.
Note thatK will be dependent on * although the dependence is suppressed in the notation. Item (2) implies that the l 1 norm of the closed-loop mapping from the inputs {w 0 ; r 0 } to the tracking error e t is less than * . Hence * will be called the optimal disturbance attenuation level. Design ofK is a standard l 1 robust control problem, which can be solved using a linear programming approach (Dahleh & Diaz-Bobillo, 1995) .
Numerical and experimental results
The design parameters,Ŵ 0 , w, r, and u, are determined by the accuracy of model identiÿcation, the inversion algorithm, and the problem of interest. Understanding the e ects of these parameters on * helps in making tradeo decisions in identiÿcation and inversion. In this workŴ 0 ( ) is chosen to be gives a concrete sense on these numbers. From the ÿgures, the higher the uncertainty or the inversion error, the bigger * , and * drops when u is increased until u hits 4:5M 2 s , beyond which the saturation constraint no longer plays a role.
From Fig. 15 the tracking performance deteriorates as the saturation constraint u is tightened. For the magnetostrictive actuator, u = 0:5M 2 s and strictly enforcing this constraint would lead to large tracking errors. Hence a practical Fig. 17 for u c in the simulation). The same controller has also been used to track a non-sinusoidal, aperiodic signal (frequency components centering around 30 Hz) with a di erent amplitude range, and it delivers consistent tracking performance (see Fig. 18 ). This demonstrates the robustness of the controller with respect to reference trajectories.
On the other hand, the tracking errors are relatively large comparing with the results of inverse compensation (Fig. 10(c) ). This can mainly be attributed to the saturation constraint (note that in Section 3.2 y was chosen such that the saturation constraint was automatically satisÿed). Fig. 15 reveals a 64% performance degradation when u is reduced from 4:5M 2 s to 3:25M 2 s . The output ofK( ) is "weaker" than it should be to avoid exceeding the saturation constraint. Unfortunately, u cannot be "over-relaxed". Fig. 19 shows that when u is relaxed to 5M 2 s in the design, the tracking performance su ers from persistent saturation ofK (corresponding to the at regions of the current input trajectory in Fig. 19 ). This justiÿes the necessity of including the saturation constraint in the problem formulation.
Conclusions and Discussion
In this paper modeling, identiÿcation and control of hysteresis in magnetostrictive actuators were studied with the goal of achieving high-bandwidth, full-range operation of these actuators. A novel hysteresis model was proposed together with a parameter identiÿcation method and an efÿcient inverse compensation scheme. Experimental results have demonstrated that the model captures the dynamic and hysteretic behaviors of a magnetostrictive actuator, and that the identiÿcation and inverse compensation methods are e ective.
To improve the robustness of inverse compensation, a robust control framework was developed by combining the inverse compensation with l 1 control theory. The reasons to explore l 1 control (instead of H ∞ control) are that the inversion error belongs to l ∞ and that the saturation constraint can be appropriately handled. The saturation constraint appears to be a signiÿcant performance limiting factor. From the results in Section 4.3, one could improve the tracking performance through improvement of model identiÿcation and inversion (smaller c w and w).
Displacement control was the major concern of this paper. As for future work, it would be interesting to extend the results reported here to deal with applications involving the force output of magnetostrictive actuators. Finally it should be noted that some results in this paper (in particular, the inversion algorithm for the Preisach operator and the robust control framework) can be applied to control of a wide class of smart material actuators. 
